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1. Introduction

The so-calledregularcoadjointorbits of Diff~(S’) havebeeninvestigatedby
manyauthors([1] and [41for example).The groupitself may appearin the
list of thoseorbits.Also, in the caseof the regularorbits of the VirasoroGroup
(an universalcentralextensionof Diff+ (S1)) oneknowsthat, for anon-zero
centralcharge,theyareall offinite codimension,equalto oneor three[1].

In thisnotewe exhibit two kindsof symplecticstructureson Diff~(5’). This
is doneby embeddingthe groupas thecoadjointorbit of anon-regularmoment
inVect(S’ ) * andin theVirasorospaceofmomentswith non-zerocentralcharge.

2. Groupsof diffeomorphismsandcoadjointaction

Here, the differentiability classis assumedto be C~,andthe setsof differ-
entiablemaps areequipedwith the C~topology.The group Diff(M) of all
diffeomorphismsof acompactconnectedn-manifoldM, is a FréchetLie group
modeledon Vect(M), thespaceof differentiablevectorfieldsonM, whichplays
therole of theLie algebrafor Diff( M) (see[21). Theadjoint actionof Diff(M)
is the naturaloneon vectorfields, namely

Ad(a)(~)= Tao ~ o a~ for all a E Diff(M), ~eVect(M)
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A topologicaldualoftheLie algebraVect(M)*, theso-calledspaceof moments,
maybe identified with the tensorproduct

Vect(M)*~Q~(M)® D’(M)
C°~(M)

whereD’(M) is the spaceof distributionson M. The duality is thengiven by

= (T~a(~)).

The coadjointactionis the contragredientone:

Ad*(a)(c~®T)(c~)= (Tj a(Ad(a’)(ç~))).

Onefinds in Vect(M) * two priviliged subspaces,which are everywheredense
for theweak topology,namely

— g~.,definedby the finitely supporteddistributions.It is establishedthatg~
is the disjoint union of all finite dimensionalorbits (which are all identified)
[1].

— g~,theso-calledspaceof regularmoments,definedby thedistributionsgiven
by n-formsw. We have,in this case

(~®w~)

If M = 5’, we shall denotea vectorfield by ~ = f(O)O/aO, wheref is C°°
and2~-periodic.

A regularmoment~uis thendescribedbyaquadraticdifferential:~u= p(O)d02.
Thus the previousrelationbecomes

I = JP(o)f(o)do.

It will be more convenientto describethe circle diffeomorphismsby their
universalcoveringDiff+ (~)2~:

aE Diff~(l~)2~44~aEDiff~(R) and a(x + 2ir) = a(x) + 2ir

the coadjointactionis thengiven for anyaeDiff(Ei~)
2,~,by the relation

* —1 —J ‘2 ‘ 2Ad (a)Cu) =poa (a ) if ~u=p(O)dO

Theclassificationof orbitswascompletedin [1] forall the“Morsemoments” (p
is transverseto the real axison a finite subset).The isotropysubgroupsmayin
thiscasebeS’ itself (moduloaconjugacy)orof finite order.Howeverfor certain
regularmoments(otherthanMorse)theisotropysubgroupmaybetrivial. This
fact is pointedout but not provedin [41.
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3. A non-regular moment

We define a distributionon S’:

T(f) =

nEN

wheref is2m-periodicanddifferentiable.Thiswill defineamomentonDiff( S’);
for anyvectorfield ~ = f(O)~/OOwehave

(T®deI~) =

n EN

The set ei-’ definesa sequenceeverywheredensein the circle. This sequenceis
chosenas an illustrating exemple.Most of the following resultswould subsist
with an otherdensesequence.

Forconvenienceweshallcalculateon the realline level modulo2ir; thisequiv-
alenceis now denotedby [2m1. ForeverysubsetA of the real line, we denote
by [A]

2z theset of all elementsin [0,2m 1 which areequivalentto pointsof A.
The coadjointactionof a E Diff(R)2r on T ® dO is thengiven by

Ad*(a)(T®dO)(~) =

nEN

Theorem 1. TheisotropysubgroupofT®do,for thecoadjointaction ofDiff(S’),
is reducedto the identity.

The prooffollows from the nextthreelemmas.
The isotropysubgroupof T ®dO is madeof diffeomorphisms~ ~ Diff(R ) 2~

suchthat for everydifferentiable2ir-periodicfunctionf wehave

~ (1)
nEN nEN

Given sucha ~, wehaveto proofthat~ is a translationx ~-~+ x + 2km,k E 1.
By densityargument,it will besufficientto demonstratethat [~iJI is fixed by the
actionof q5. Thetechniqueof proofdistinguishesthe integersn suchn = ~ (m)
modulo2ir andm ~ n. This is the meaningof the set S definedbelow.

Let S be the set definedby

S={nEI~JI ~‘(n)eN—{n}mod2m}

The pointsof S arethereforenot [2mI fixed by ~. Thefirst stepis the following

Lemma1. ~ — S isfixedby~ mod2,r.

Proof Let n0 ~ 5, let ussupposethat~(n0) ~ n0 mod2m. We defineafunction
f suchthat0 ~ f ~ 1, f (n0) = 1 andf is supportedby a little intervalaround
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Fig. 1. Thefunction f.

n
0 which doesn’tcontainq5 (n0) [2m]; thepicture(seeFig. 1) is thenreproduced

by periodicity.The relation (1) becomes
~ f(q~(n))— 1 f(n) 2

qY(n)2° 2” ‘

~(n)ESuppf nESuppf—{no}
the first sum is done over the integerssuch that ç5(n) E Suppf, the second
one is over the integersinside Suppf exceptn0. Given an arbitrary rank N,
the fact that the integersare all distinct [2m] allows a choicefor f in sort of
n E Suppf ~ N < n; thus the secondsummationin (2) is upperboundedby
thepartial sumof aconvergentseries,andsomaybearbitrarlysmall. It follows
that > f(ç5(n)) —

— 2°’
~(n)cSuppf

The hypothesis~(n0) ~ n0 [2m] and n0 ~ 5, implies that all the integersof
the first sumin (2) differ from n0, it follows that this summay alsobe made
arbitrarlysmall; thusa good choiceoff allows that (2) becomes

/ 1
= + e,

wheree ande’ arearbritrarly small, which is impossiblesince n0 is given. The
contradictionimplies thatc~(no)= n0 [2m].

So ~ hasidsi as aprojection,on any intervalin which [~J— S]2~is everywhere
dense.

Lemma 2. Ifx is in theclosureof[S]2,, then(~‘)‘(x) E 21_ {l}.

Proof If n0 E S then thereexists an uniqueinteger,otherthan n0, such that
ç~(mo) = n0 [2m]. The relationwhich characterizesq~becomes

1 f(~(n)) — 1 f(n)
qY(mo)2mo + qY(n)2” — 2”o + 2°

~(n)ESuppf,n~mo nESuppf—{n,}
Heref is chosenas in the proofof lemma 1. Similar argumentswill producea
similar conclusion:bothexpansionsin thepreviousequalitymaybemadearbi-
trarly small, theequalityrequiresthenthat qY (m0) = 2~~omo= 1 / [(~‘)‘(n0)]
wheren0 � m0.
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If x is a limit point of a sequence[nk] of points in [S]2~, (4r~’)’(x) is
thenthe limit of (~‘ )‘ (ni) in

2Z — {1}. Thereis no otheraccumulationpoint
of 2~thanzero, but (~‘)‘(x) ~ 0 (~is diffeomorphism);this implies that
(qY’)’(x)E2’—{1}. J

Lemma3. 5 is the emptyset.

Proof Lemma2hasasa consequencethat (q~1)/ ~ — { 1 } isa constanton any
interval in which S is dense[2m]. This implies thatS is not densemod 2m in
[0, 2m], while [0, 2m] ~x ~ ax + b extendsto adiffeomorphismof Diff(R)2~
only if a = 1. Sothe complementin [0, 2m] of theclosureof [512,,is thenopen
andnon-empty,andthusis adisjoint union of intervalsin which ~ — S is [2mI
dense,henceon thoseintervalsonehas (q~1)‘(x) = 1 (following lemma1);
but N~= S U (r~ti—5) mod 2m is everywherdensein [0, 2m], finally the function
x ~—* (~‘)‘(x) takesnecessarlyvalues in {1} U (2’— {l}), andthereforeis a
constantequalto one (usingonemoretimethe argumentof x ‘-~ ax + b). This
requiresthentheemptynessof S.

The proofof theorem1 is thenaimmediateconsequenceof lemma 1. Thus
the coadjointorbit of T® dO maybe identifiedto Duff(S

1),which inherits the
symplecticstructureof the orbit.

In view to precisethisstructurewemustrecallthe fact thata vectorfield ~ E

Vect(M) is an elementof the tangentspaceatthe neutralelementof Diff(M),
andthendefinesaleft infinitesimalactionon Diff(M). Onemaycheckthatthis
infinetisemalactionis givenby Diff(M) ~ a ~ o awhich isnow avectorfield
on Diff(M). Thusat point a E Diff(S’), the two-form on the orbit evaluated
on two fundamentalvectorfields is givenby

~ (~. ,~ 5 \ ( S ‘,~ — c- (f’g—fg’)(a(n))
~~ay oa(uJ~) ~goa(u,~) — L.s a’(n)2°

nEN

Thedefinitionof “symplecticform” is differentherefromthefinite dimensional
case:~ isaregular,closedtwo form on Diff(S1 ), but doesn’tdefinean ontomap
from the tangentto the cotangentspaceof the orbit.

4. Central extensionand coadjoint action

A centralextensionof Diff(S’) by R, is given by an exactsequence
—~ Diff(Si)>1l~—~ Diff(S’) —~ 0,

whereDuff(S1) >~R is the CartesianproductDiff(S’) x R equipedwith a mod-
ified groupmultiplication,namely: (~,x)(~,y)= (~ow,x + y + B(çb,l/i));
B satisfyingthe following group cocyclecondition: B(q~i,,~)+ B(~,w) =
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B(q~,~i’i) + B(w~,j). In the presentcaseB is the Bott cocycle defined by
2r / /B(~,w) = f0 Log(~o w) d[Log(~ )I. The diffeomorphisms~ and ~t’areat

the covering level Diff(ff~)2,,.This extensionwhich is universal in a senseis
calledthe Virasoro group. Thisgroupappearsin stringtheory, it is alsoa sym-
metrygroupfor Hill’s equations.The correspondingLie algebrais isomorphic
to Vect(S’) ~ ~ equippedwith a modified bracket[3], namely

[(f(o)~,t) , (g(O)~,r)]

= ([f(e)~,g(o)~],f(f’g”_f/’g’)(e)do).

The spaceof momentsis thenmadeout of couples(~,c) E Vect* (S’) ~ ~, C iS

the socalledcentral charge.As R is central,only the Diff(S’) componenthasa
contributionto the coadjointaction.Foranydiffeomorphisma of the circle we
have

Ad*(a)(~u,c) = (Ad*(a)(~u) + cw(a),c).

w (a) is a quantity which only dependson the extensioncocycle.The computa-

tion madeby differentiationof the innerautomorphismsleadsto

w(a)(f(O)~) = fS(a)oa’(O)f(O)dO

whereS is the Schwarzianderivative:5(a)= a”/a’ — ~(a”/a’)
2.

Using Lie algebratools, Kirillov hasshownthat, for a regularmoment(p,c)
with non-zerocentralcharge,the isotropy subroupis neverdiscrete,a fortiori
nevertrivial. Onthe otherhand(T ® do,c), whereT is the momentpreviously
defined,shallnot admitanotherfixing diffeomorphismthantheidentity; indeed
sucha diffeomorphismmustsatisfythe following relation:

~ +cfS(~)o~’(O)f(O)dO=

flEN 0 nEN

andthisfor anydifferentiable2m-periodicfunction f. By a suitablechoiceof f
as in theproofoflemma1, thecontributionofthe integralwill beproportionnal
to thelengthofthesupportoff in [0, 2m] andthenmaybemadearbitrarysmall.
It thensufficesto reproducetheproofof theorem1 to concludethat ~ covers
the identity of S1. Thus the orbit of (T ® dO,c) is an embeddingof Diff(S’).

The inducedsymplecticstructureon Diff(S’) ata E Diff(S’), andevaluated
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on two fundamentalsvectorfieldshasthe following expression:

~a(f°a(O)~) (goa(o)~) = ~ (f’g—fg’)(a(n))
n EN

+ cf S(a) o a~(f’g — fg’) (0) dO + c f(f’g” — g’f”) (0) dO.

5. Questions

Do thosestructuresdependessentiallyon the choiceof the kind of the series
> 1/2°,or of the choiceof the sequenceei~~?Andwould it bepossibleto define
representationsof Diff( 5’) usingthoseorbits?
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